It is well known that Sobolev embeddings can be refined in the presence of symmetries. Hebey and Vaugon (1997) studied this phenomena in the context of an arbitrary Riemannian manifold M and a compact group of isometries G. They showed that the limit Sobolev exponent increases if there are no points in M with discrete orbits under the action of G.
Introduction
It is well known that Sobolev embeddings can be refined if we deal with subspaces of functions invariant under some group of symmetries. This phenomenon was used in some particular cases to prove the existence of solutions of various boundary value problems (see, e.g., [1] - [5] ; a similar effect for trace embeddings was employed, e.g., in the recent paper [6] ).
In [7] , this problem was studied in the more general context of an arbitrary Riemannian manifold and a compact group of isometries. The critical embedding exponent increases if the manifold contains no points with orbits of dimension zero, due to reduction of the effective manifold dimension.
Our goal is to consider the case where the manifold contains points with zero-dimensional orbits. The conventional embedding theorem cannot be refined in this case. For example, if p < n, then, in general, even a radially symmetric function in W 1 p (B n R ) may fail to be integrable in a power exceeding p * = np n−p (here and in the sequel, B n R (X) stands for the ball of radius R in R n centered at X, B n R = B n R (0)). However, the origin is the only possible singular point for radial functions, and their properties improve after multiplication by a positive power of r = |x|. In [8, Theorem 2.5] , it was shown that, for q ≥ p * and α > n p − n q − 1, the set of radially symmetric functions f ∈ W 1 p (B n 1 ) is compactly embedded in L q (B n 1 ; r αq ).
We study this effect in a considerably more general situation. First, as a model case we treat the m-radial functions, i.e., the functions invariant under the group j=1 O(m j ), j=1 m j ≤ n acting in R n in a specific way; see the precise definition below in §1. We establish the limit exponents for the embedding of the space of m-radial functions f ∈ W 1 p (B n 1 ) in weighted Lebesgue and Hölder spaces. For this, we modify the well-known proofs of the Sobolev, Morrey, and John-Nirenberg inequalities; see, e.g., [9, Chapter 7] . Then, in §2, we consider the general case of a compact manifold M and the functions invariant under some closed subgroup H ⊂ Iso(M). The weight function turns out to be some power of the distance to the set of points with zero-dimensional orbits.
In what follows we assume that n ≥ 2 and 1 ≤ p ≤ ∞; p = p p−1 is the Hölder conjugate exponent to p. For 0 ≤ m ≤ n − 1, we denote by p * m the Sobolev conjugate exponent in R n−m :
For p > n − m, we denote by γ m = 1 − n−m p the limit exponent for the embedding of the Sobolev space into the Hölder space in R n−m .
We use the letter C to denote various positive constants. To indicate that C depends on some parameters, we write C(. . . ). §1. The model case
The points of R n are denoted by x; y j stands for a point of R m j , while z stands for a point of R k ; therefore, x = (y 1 , . . . , y ; z). The spherical coordinates of y j are denoted by (ρ j , ϑ j ), ϑ j ∈ S m j (S m is the unit sphere in R m ). The "cylindrical" coordinates of x are denoted by (r, Θ, z), where r = ρ 2 1 + · · · + ρ 2 , Θ ∈ S n−k . A function u is said to be m-radial if u depends only on ρ j , j = 1, . . . , , and on z. By definition, we put M = min j m j . We assume that M < n; the case of M = n corresponds to the radially symmetric functions that were considered in [8, Theorem 2.5] .
In other words, if (1) is fulfilled, then the embedding
is continuous. Moreover, this embedding is compact whenever both inequalities in (1) are strict.
II. Let p ≥ n − M + 1. Then the embedding (2) is continuous for all q < p * M −1 = ∞, α ≥ α pq . If α > α pq , then this embedding is compact.
Remark. For p < n, the limit exponent in (1) is greater than p * . If p ≥ n or q < p * , then the claim of Theorem 1.1 is trivial.
Proof. 1. Obviously, the subspace of L q (B n 1 ) consisting of m-radial functions is isometric, up to a constant, to the weighted space L q (D r , w) with
Similarly, again up to a constant, the space
formed by the functions vanishing on the spherical part of ∂D r . We split B n 1 into the sets
and consider the corresponding partition of D r :
For a fixed index j, let u be a smooth m-radial function in Ω j vanishing on the spherical part of ∂Ω j . The "transplanted" function in D j will also be denoted by u. Moreover, temporarily we omit the index j.
Given β > 0, for any (Θ, z) we have √
Integrating this inequality with respect to (Θ, z), we obtain
The Sobolev embedding theorem in Ω yields (4) r β−m+1 u n n−1 ,Ω ≤ C r β−m+1 ∇u 1,Ω , whence, by the isomorphisms described in part 1,
On the other hand, estimate (3) and the isomorphisms described in part 1 imply
The Sobolev embedding theorem in D gives
By the Hölder inequality, estimates (5) and (6) imply that (7) r
Application of inequality (7) to the function v = u γ , γ > 1, yields
For
Then the last factor on the right-hand side of (8) is a power of the left-hand side. Therefore, setting q = γs , we get
or, by the isomorphisms described in part 1,
By approximation, inequality (9) can be extended to any function in
,Ω with suitable s > n should be applied. Then the above argument can be repeated and the compactness of the embedding (4 ) can be used. This completes the proof of both statements.
Remark. In the simplest case, the claim of Theorem 1.1 was proved in the term paper of S.B. Kolonitskiȋ (St.-Petersburg State University).
We need the following technical lemma. Lemma 1.2. Let G be a convex domain in R n , and let v ∈ C 1 (G) ∩ C(G). Then for any X ∈ G we have
Proof. In fact, the proof repeats that of Lemma 7.16 in [9] . Theorem 1.3. I. Let n − M + 1 < p < n. Then the embedding
is continuous provided
If both inequalities in (12) are strict, then this embedding is compact. II. Let p = n. Then the embedding (11) is continuous and compact for all
III. Let p > n. Then the embedding (11) is continuous provided
If the first inequality in (13) is strict, then this embedding is compact.
Remark. Statement III of this theorem is meaningful only for γ > γ 0 .
Proof. 1. We fix some index j (and temporarily omit it in writing). Let u be a smooth mradial function in Ω vanishing on the spherical part of ∂Ω. The "transplanted" function on D will also be denoted by u.
By Lemma 1.2, if X = X 1 or X = X 2 , then
We estimate the first term on the right in (15):
Since α ≤ m−1 p , the exponent αp − m−1 p−1 is nonpositive. Hence, the last-written integral is maximal if the point X is situated in the subspace {(0, . . . , 0; z) : z ∈ R k }, i.e., its r-coordinate equals zero. In this case, the integral in question does not exceed
(we have used the assumption α > n p − 1). The second term on the right in (15) is estimated by using the critical embedding theorem:
Since α ≤ m−1 p , the exponent (α − 1)p * − m−1 p * −1 is nonpositive. Hence, the last-written integral attains its maximum if the r-coordinate of the point X equals zero. In this case, the integral in question does not exceed
(again, we have used the assumption α > n p − 1). Thus, using the isomorphisms described in part 1 of the proof of Theorem 1.1, we see that relations (14) and (15) imply the inequality
By approximation, inequality (16) extends to all functions in (16) is true for all j = 1, . . . , . This proves the embedding (11) provided (12) is fulfilled and γ > 0.
Next, setting X 2 = 0, from (16) we deduce that
. The compactness of the embedding in part I of the theorem, as well as the statement of part II, follows from the compactness of the embedding C γ 1 → C γ 2 for γ 1 > γ 2 .
4. Now, let p > n. We set v = r γ u, where 0 ≤ γ ≤ γ m−1 . For X 1 , X 2 ∈ D, we put r = |X 1 − X 2 |. Let r k denote the r-coordinate of X k . If r 1 ≤ 2r, then
To estimate the second term in (17), we observe that
Using the isomorphisms described in part 1 of the proof of Theorem 1.1, we get
Thus, in all cases we have
(we recall that r 1 ≤ 1).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use If γ ≤ γ M −1 , then (18) is true for all j = 1, . . . , . This proves the embedding (11) provided (13) is fulfilled. The compactness of this embedding for γ < γ M −1 follows from (18) and the compactness of the embedding
Theorem 1.4. Let p = n − M + 1. Then for α ≥ n p − 1 the following embeddings are continuous:
where L Φ stands for the Orlicz space with N -function Φ (see [10, §3, Chapter IV]). For q < p the embedding (20) is compact.
Proof. 1. Obviously, it suffices to consider the case where α = n p −1. We fix some index j (and temporarily omit it in writing). Let u be a smooth m-radial function in Ω vanishing on the spherical part of ∂Ω. The "transplanted" function on D will also be denoted by u.
2. For X ∈ Ω, let r denote the r-coordinate of X. The Sobolev integral representation for u yields
where Ω (1) = {x ∈ Ω : 2|x − X| < r}, Ω (2) = Ω\Ω (1) .
On the set Ω (1) we have r r. Moreover, the diameter of Ω (1) is equal to r/2.
On the set Ω (2) we have r < 2|x − X| and r < 3|x − X|. Therefore,
Thus, the function v(X) = r α u(X) on Ω satisfies the inequality
Since r m−1 p ∇u p, e D ≤ C ∇u p,Ω , we can use [9, Lemma 7 .13] to show that for some constant κ = κ(n, m) > 0 the inequality
Summing these inequalities with j = 1, . . . , , we obtain the embedding (20) for q = p . The compactness of this embedding for q < p follows from interpolation theorems (see [11] ).
Proof. Let ℘(X) denote the injectivity radius of the Riemannian exponential map at a point X ∈ M \ ∂M.
Suppose that X, Y ∈ M 0 \ ∂M are sufficiently close to each other, namely, are such that |XY | < ℘(X), where |XY | denotes the distance with respect to the Riemannian metric on M. Then there exists a unique geodesic s of length |XY | connecting X and Y . Since the isometries send geodesics to geodesics and X and Y are fixed points of the action, all points of s are also fixed, whence s ⊂ M 0 . Thus, M 0 \ ∂M is a totally geodesic submanifold.
Since the isometries preserve the boundary of the manifold, the same argument applied to the boundary rather than to the manifold itself shows that M 0 ∩ ∂M is a totally geodesic submanifold of the boundary. It remains to observe that, whenever the set M 0 contains a boundary point, it also contains the geodesic orthogonal to the boundary and starting at that point. This follows from the fact that the isometries send geodesics to geodesics and preserve angles. Proof. First, let X / ∈ ∂M. We may assume that ℘(X) > 1 (this can be achieved by a suitable dilation of the metric). The tangent space T X M is Euclidean (relative to the Riemannian structure); we can identify this space with R n . Let U ⊂ M be the unit Riemannian ball centered at X, and let B be the unit ball in T X M centered at the origin. Then the Riemannian exponential map determines a diffeomorphism ϕ : B → U that sends the straight lines passing through the origin to geodesics passing through X. The group H = S H X acts naturally on T X M by orthogonal transformations; namely, each isometry γ : M → M (such that γ(X) = X) corresponds to the orthogonal map d X γ : T X M → T X M. Since the isometries send geodesics to geodesics, and a geodesic is uniquely determined by its initial velocity vector, this action commutes with ϕ.
Since M is connected, any isometry of M extends uniquely from U . Therefore, the action of H on B is effective (that is, distinct elements of H correspond to distinct transformations of B). Thus, this action determines an isomorphism between H and a subgroup of O(n).
To show that the set of fixed points of this action is a linear subspace, it suffices to apply Lemma 2.1 to R n in place of M.
In the case where X ∈ ∂M, the same argument applies to the action of the group on the boundary ∂M. This yields an action of a subgroup of O(n − 1) on the ball B n−1 1 , which is identified with a neighborhood of X in ∂M. To complete the proof, observe that a neighborhood of the boundary can be identified naturally with ∂M × [0, 1[ by foliation into geodesics orthogonal to the boundary, and these geodesics are sent to one another by isometries. Therefore, the isometries of M extend uniquely from the boundary, and this agrees with the (trivial) extension of orthogonal maps from the ball B 
